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A  (k)lll?tl[)l)  ‘] ’]1(:1’111:1]  ~(!tWol’k  ] ‘1’O1)]CIII  ]’;]i(:ollltt(!  ?’(!(] i])

1 lcat  ‘.l\:IIIsf’cI A]lalysis of S])ztc(:(:laft

0, IIIIrOdUCI  ioII.  A  widc]y IISC(l discx(:tizat io]l 111(:(,11()(1  f’oI ]Ilo(](:]i]lr; t] IcrIIIa]  SYSt(!TIIS  i s  t,]I(:

tll(!l’lllal  II(}twol’k  a])pmacll. ‘] ’]1(: ]](!l\i~{)]’]i  ~l])l)l”[)?l(:])  is (](!riwd frolll  t]IC  (!l)(:rp,y  lIalaIK(.  cx][latiol~s  aIkd

is (x]uival(:l)tl  to a ])alticular  fillitc  (Iifl’m:])(x: (Iis(:](:tixt  llio]] of t 1](: l] II(I(:T lyi]q~ l]cat tra])sfcl  (:quatiol  I.
‘I’l Ic tlIcrIIIal ll(:twork  is (Icfill(:d  Irj a SC( of set of lIod(:s alI(l  (:011(111(:1:111(  (!S, al](l  is aIIalo/I;oIIs  1,() [Itl

clc(:tj]ical ]lctlwolk. ‘1’lms tl)clc is a (:()] l(:s})()]lc  l(:]I(:(:  l)(:t \v(:(:l I ]x)t(JIIt  ial, II(Nv, resist aII(R) (:~l]):](:it,:lil(:(:,
(:t(:., lwtwc(:Il t,l](:sc ]lct,worksj aIId lmsic la~rs SUCII a s OIITII’S I ,aw aIId Kircl]ojl’)s I ,awi CaII I,]IcI1  I)c
dlq)li(:(] to lmla]lci]lp;  tjl)c llctwfoIk [9] .

AltlIoII~;ll  tlIcIc is tllc  u]ld(:rl-yi]]p; co]lll(x:tioll wit]) tl]c 11(:/]{  t m]lsf(:r c(luatio]] (I(:fil]cd o v e r  a
sqmtial (Io]tlai]), tll(: al)}) IwIclI is also usd t o (Icv(:lo]) TIIO(I(:IS  of (X) TII])ICX syst (!TIIS for wlli(:]) a ]10(1(:

1 I Iay rc])rcsmlt  a ])articular  isotl  1(’111  I al cOII 1})01  IQI lt of {1 IC systcl  I ) iv] licl I (Iocs I lot  I )c(msalily  CO IIfOI-ll  I

1,( I a I(y;Lll  HI (Iisc:]c(,iy):ltic))] of tlIc (Io]llail]. ‘~’l)is i s  a col II II IolIly  (:11(:011111(:1(:(1  sitllatio]l  ill  s]):i(:(x:lafl

tll(:rl])al  analysis  l)ml)lcIIIs. l’or cxaTII])l(:,  a]l (vlp;ill(:(:l  lIIay  11s(!  a  sillf:lc l)odc 10 ]IIO(ICI aII clcctm]]ic,s
})OX  01” a  [:]~~c)~;(:lli(:tlll}~ Cool(!d  Colll])(nl(!llt  o f  a  SJ)WX!C1’:lf’(. lll(s])(:(til’(:  o f  lII(:sc  co])si(lu  :Itio]]s, tl]c
(Io]ttail] i s  (Iivi(lcd  into  a  )mlIIl)cr o f  d(:III(:IIts,  01 SUI)VOIIITII(:S)  aII(l  a  II()(Ic  i s  tyl)ically  ])la(:(x]  al, t,]lc

(:(!llt  cl’ (If tllc  Cl(:lllclll!. ‘I’]](:  t(:ll)])(:l:lllll(:  of t 1)(: II()(lc  is III( :IVCI a[I;(:  t (: II I])(:I:IiIII(:  oi(:r  tlkc S(II)VOIIITIIC.

III a(l(litlioll  to  t(:lll])(:l:itlll(: , a 110(1(:  also ]Ias a (:21]):l(:i12111(:(:  wl)ic]l IC1)I  csmlts tllc  t,llcllllal II IaSS of 1,11(-:
]I()(lc (Jl)at)  (Iictatcs  lIow ql]i(:li]y tl)c ]Io(lc (a]) (:11:111  [1,(: t(:l II]m] alllr(:. ‘1’11(: ca]mcita]l(w is (:o]t]]n]tc(l
fro])l L]](: ])m])c]  t ics of tl)(: ])latcrit~l  (xn]]]nisi]l[! i II(: slll)vol17TII(:  ai t acll(:d to tl]c II()(lc, aIId alis(:s  ill

tlIc tl?lalysis  of tllc  tral]sicl)t  cllam(:kl  istics  o f ”  tll(:  syskIII, (Illr illt(:?(:st  lIcr(: i s  ])ri?llalily  ill t,ll(:

st, (w(ly stat,{: ]) Iol)lc  III so t,llc )IO{I(:S  w: col Is I(l(:I wil l  lIa\’(: (:ss(:rltinlly  a z(:ro  t IIIIC co]wt  ant (1,1 )(:s(: aIx:
solil(:ti~tl(:s  r(!f(:m:d to a s  aritltlll(:t,i(:  II()(lcs),

‘1’11(:  col)(lllctors  (I(:scril)c  tl)c  cIl(:r[I;y  tralw])ort  l)(!t  IV(WII 110(1(:s. ‘1’li(:y  lIavc  tllc  foritt of cit,llcr  :1

(x)]l(luctio~] col)ductor,  a collvcctio]l  coIl(lll(loI” , or a r:l(liatioll  (011( 1[1((01.” ‘1’11(: llll(l(:rlyi])~~;  ])l)ysical
]Il(x:llallis]i)s {m NI(:II of III(:sc II IO<lCS of (! II(:T [I,y tIalIsf{:T is (Ii fl”(wnlt. \Vit}lill  III(:  colltcxt  of tllc lcsult.

il)~;  II I:ltllclll:lti(::ll  lIIodd,  colductiol)”  alI(l coIIw:(:t  ioIl  (x) II(lII(:l  OIS lraI)sf(:I  CIICIW a s  tl)c  (Iifl”owlcc

I)[:twccl]  tllc  tclll]m  aiul’cs  I)(!tw(!(!l)  (:OIlllc(:t(!(l  110(1(!s, wllilc t 11(:  ]a(liat 01 co])(lll(:t,o]s al(: ]]o]]li~](:al
+111(1  ilwo]v(: tllc (lifli:rcll (:(: ill t,llc f(nlrtll ])owcr o f  III(: 11()(1:11 tclll])(:l:ltlll(:s. (k)ll(lll(’tol’s  IIol’]llally

lIav{:  tllc  sa?iI(:  v a l u e  ill l)otll  dim(:tio])s l)ctw(:(:]) II()(Ics;  lIOWK:VCI) 011(”  llr:l~ )10(](!S  :11”(!  Oft(!Jl  11 S(!(1 to

II IO CI(:l flui(]  f l o w .

‘1’lIc  rcsultiIlp;  Lrallsicllt  c(]mtiolm  lIavc  tl]c  forrtl

((),1)

11(!1’(: ‘/; (I(!I1OICS tllc  I!(!lll])(!l’:ltlll’c  al 110(1(! 7, (“j is tll(!  II(!:lt  ca])a(:italm  o f  1 1 0 ( 1 ( :  ? ,  ~~ij  [11(! 111(! (:011-

(1[1(”1  ion (x)(! [Iicic  Ilts,  l{jj  arc tll(:  I a(liatiol)  {()(: fli(:i(:llls,  alI(l  tll(’  Q?l am llcat  s o i l ?  (:(:s. ‘1’11(:  associal(x]

st (::I(ly  st,at,c (:qllatioll  w c  stll(ly ill  tl)is  IIot,c i s

(0.2?)

‘  1’1](,.  (:c)ll{llwt,ioll  co(:flicim)ts  :llC coll)]nltc(l  a s  a function  o f  tll(: tll(wllal  (: OI)(III(A  i~ity o f  t}l(:

]Ilal(:lial,  tl)(:  c r o s s  scctiol]al  aIWI  tl]mu{~,ll  wl]i(:]]  tl](:  ]I(:at f l o w s ,  all(l  tll(!  l(!llp; th l)(:!W(!CII  110(1(!s,

I’01 a I(:(:(:II1[;lI1:I1  (lis(:lctiz?~tic)ll  l{bllri(:r’s  1 jaw yicl(ls

(0.3)
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W]I(:I (: /: c](:lI(JI,cs t,]I(! t,] I(!HII:I] {:[)llc]ll(;t,i~~it,}~  of t]](! ?Ilat (:l’is], A is t ]1(! cross  S(:ctiolla]  al (::1, aJl(]  ], is

ll]c  1(:11~, ill lmtw(wlI IIo(l(:s i alId j. 1~’or c(jllv(x:iioll COII( II I C1 O I S,

(;, ,j I/A,

wIK:I(:  }/ i s  IIIC  tlICIIIIal  c(nlvcctiv(: co]l(luci a]](:c HI1(I  A  js tlIc IIo(lal su?facc  al(w ill coIIta(:t  w’jtll
tl~(: fllli(l. ‘1’11(: ll~m ]nal col)(lll(:ti~itj~ i s  ill gy:II(:Ial t(:?il])(:lfltlllc  dCIX:II(l(:IIl) so t,l Iat, 11)(: <~ IIlalrix
alx)v(! is Hlso. ‘.1 ‘II(: la(lialioll  illt(:l cl Ial IfJ;c 11 Iat]ix  II’ is n fu~]ct iol] of’ 111(: {IIc sulfa(w p;(:olt I(:tri(:s, tll(:
ori(:l)tatio)]  of llIc  cl(:rr Icllls of tlIc syst(m I will] Mx]wc:t 10 olI(: :III(It IIcl’ (vicwf act 01s), tllcir  la(]iat ivc
])m]wlti(:s,  aII(l t4ClII])(:l:It,lll(:, ‘1 ‘y])ical  ly, (+j (’;j~ , ~111(1  fl’jj l(j~, altlIoup;ll  U’lICII Irlo(l(:liIl~; flui(l
flo~i~, (11(: 1]s(: o f  OIIC way IIo(lcs C:lIUWS aSyIIIIII(Ll ry ill tll(: ;IIat rix C;. Wll(:ll 1 (! TII])(!I’:11111’(!S  :11’(:  1101

cxlm:lcd 10 d(:viatjc fI;Ically flolll a IIrnrlil]al Imluc, tll(: tissulll~)tioll tlIat tlN {()(:fli(irllts  of (; [111(1  1{
arc tcIIIImal IIrC i])(l(:})cll(l(:llt, i.e. coIIstalIl,  is c)ftcll III:I(Ic. At cryop;(:lli(: t(:lrl])(:l~lilll(:s, WTII(!I’(: sTIIall
~~~llj:lt,jo~ls ill t,CIII])CI.:~t,IIIC:  C: III ]ca{i to sip;llifi(,allt,  cllal~p;w ill t,ll(! tll(:llllal  (:oll(lll(:til~it}~ Of lnat(:?’ials
(his is 1101  a valid assu?ll]jtioll.

‘1’lI(n(: exist a IIullIl)(:l of (: OIIITII(:I  cial (:0(1(:s  Ill at lIavc (: IIjoy(!(l collsid(:l al)l(! SI1(XX:SS  solviilp;  tl)~:
sl,(w(]y stat,c l)(:t,work ]) IW1)ICIII (().2). %]uli(n)  i(x:]llliqu(:s oft(:ll l’c]y 011 (:xl)]oiti~q; s~)(:(:ifi(:  st, nlctul (:
of tl~i: I1(:[wOI  k .  ATol]lill(wl ,Ia(ml)i (JI (Jaws S(,i(l(:l itw:lt  ion s(:I;(:IIIc.s w’lli(:l] mII])loy aII :Ill:ilyti(:
solllt,iol)”  of ill(livi(lua]  t,l Ic s(:al:II  quarti(:  c(lll:itiolls  i]] (() .2)  am 11s(:( 1, w+ Iv(:ll  as variatiol)s  of Ncw (o: I

lial)lIsoII II Ictllods  that ,  take H(lvaIItaF;c  of tl)c s]mmity illlmm~]t i~l IIlost IICtRWIk lMO1)lCIIIS,  aIl(l
vali(ms 0(11(:1  su(mssivc sul)st it~ltioll IIl(,t 110(1s  us(xl ill (ollj[lll{tioll” \vit 11 :i(.(’(:lc:12\tioll t (x:lllli(]llm [5,
9, 1:3, 20].

AltlIou~;ll (0.2)  is~l\~(:Iyc:c)l]  l?tl()~lly(  )(:(:llliJl[';])  l()lJl(:~ll, tll(!?’(!(  lo(!sllot”  a])])  (!artlll-y  [y!llcl’al  ])1’()()f
of  {II(: cxistcll(:c  of ]mitiv(: so lut ions ,  (:lw) fo? tl)c (:ollslal)t  c(wflicic])t ]woI)I(:III.  1“01 IIlil(lly IImI -
lillcal  ]m)l)lc)IIs  wlIcr(:  III(: Cm: flicic]]l ]flatrix  fI’ lIas s] IIall 1101111, t]l(’  hl(!\\’[  011 ]<2111t  OI’21\JiC]l  t]l(:ol’{!lll

]no(llI(:(:sa sollltiol)”  1111(1(:1  :l])1)101)li2it(:l)  y])otl)(s(:s.” IIOM(!V(:I,  i]] II IaIIjF s]mcc(:]afl II IO(I(:IS this coll-
(litio~] calil]ot, lW :Issu~IIcd, as ra(liatio~l is oftc~l tlIc (lo~ltillallt II IOdC of ]I(:at tlallsfw. AI)(I [Iltlloll[l;l[
(().2?) 1,8s a mlativdy licl, stlllctuw, it (10(:s 1]01 fil into illc s(:vmal (:lasscs of Il(]lllilicnl eqllatio]ls  fol
~i,]li(:ll {y:II(:I/1] {:{)Il\~(:Ip;(:II(:{: I’(!sII]tsa HI :Ivai]:ll)](:,  (:. [:. A4 fllllctiol)s,  (IJ  (Iiap;ollally do~lli~ltlllt functions
[“14, 15]

111 t]lis JNI]X!l’ a ]IoIIIoiO])y a]qwoac]I is  fimt 11s(:(] to ])101’(: (:xisl(:ll(:(: aII(l Ill)i(]ll(:llcss of ]msit,iv(:
sollltio)ls  to ( ( ) . 2 )  ill t,llc col]stalltl codli(:icllt  cas(! lvitlj a  IIlild ms(lictioll 011 tltc col)dllc(iol)  ali(]
rac]iatioll  cocfliciclltjs  al)(] llwt ]oads. ‘J’l]is rcslllt  c]lal)lcs  tlIc  c:ol]stlll(:tic)ll of a [;]olmlly coIlvcIg\cl  It
alp,olitll?tl. 11 a l s o  sup;p;cstjs otl]cr  !;lolmlly coIIvcr~;clIt scll(711cs ,  al}d cxl)laills  tl]c lclativc sllcccss
of lIIal Iy al[y)lilli?lls  for solvi~lp; tllcsc  tlIcrIIIal lIctw)Ik  ~)rol)l(’IIIs 1111(1(:1  si~llilar  mllditiolm. \tJc
also SII(W I,l]at, tllc.  lly~mt,]lcscs  of Il]is 1)101)1(:111  aw e a s i l y  {~cl]cralizc(l  to illcludc  solut, iol]s to otl JcI
(lis(mtizul lx)IllIdaIy  valIIc }HO1)l CIIIS. ‘1’IIc cc~lMtaIIt (c~(’flic”icl]l  sollliioll  i s  tlm~ 11s(,(1  to il~itiali~(

:1 s(:(:oII(I llo]tlot,o]ry  for ])lovillp;  (:xist,cI]c(:  o f  ]msiti~~(:  solllti(jlts  to ( ( ) . 2 )  fol tclll])(:l:~tlllc  (lc]~clld(:llt

(’{lc’[lic”icl]ts  IIIKI(J1  IIlild ~mwtll lc’stli(’.tiolls. Wcllot,(:tl]at l~i[,;llly l)olllil~(:till) lc)l)lc:ltls that OCCIII ill
cllclilical  I) IO(:CSS(:S  IIIay IIol cvclI ]XBS(:SS solutio~ls [20]. ‘

IIollloto])y” IIl(:tl)()(lsl lfll’(:l)(:cll ~mwiously c?ll~)loyd forsolvillp;  a lIlliIllxT ofot]lcr cl)[~illccrill[{
I)rol)lcTIIs. ‘1’yl)ically tllcy~)crfontl  sollIm\’llal sl(mwr tlIaII c)tll(:llrl(:lllo{ls,  lmt fordifliclllt ]m)ld(:IIIs
tll(:y ofh a  mlmst solutio]l  a]qmmcll  11,2, ”1 1,17]. A  sTIIall S:ITIII)I(!  IHO1)ICIII  (xnrl])aws 11)(! ]wfm-
It)allc(: of tll(! iX(:wtolI lIl(:llI(xl will) st(:]wiz(: coIItml, llIC Ilolllillcal  (1:111ss  S(:idcl itc.lati(n],  alI{l a
(:ol)lillll:ltiol)”  II I(!lI)()(I.

]. ]’1’ClillliJlilJ”iCS. ‘J’l]c slca(]y  s ta te  c(lllatiml of llcat  Imllsfk? w S(u{]y  il) Il)is IIotc has tllc
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fol’111
~T N

Qi I >: ~~ij (’/~j ‘/;)  I >;ll’i.j(’/:y  ‘/:) o; i ‘I,.., )N ( 1 . 1 )

j- 1 ‘j]

] ICI’(: ‘/~ {](:llot(!s  t]l(!  {(!lll])(!l’~ltlll’(!  21{ IIO[]C  7’, ~J’7j  all! 1]1(’.  (:011  (]11(:[  iOll  co(!f[i(:i(!Ilts,  ]/i.j a?’{: t]I(! l“adiatiol)

(:(j(:fli{.i(:Il  tsJ and tlI(:  Q2 aw llcat  sollr(:cs. Jllitially  \\ ’(: will assllTII(:  tlIal t II(: (:oll(lll(;liol]  :111(1 ra(lial,io~l
(:o(:jlicic]]ts  aw illdc]mldc]]tl of t(:TII]wJalllI  c.

\V{!  lw[;ill  tllc  aIlalysis l)y il]tmduci]l[;  111(: ~ X N TIl(ltli((:s d all(] j (I(:lild

(1 .%/)

(1 .x))

I,(’( Q IQ,, .,,, Q~]’f’,  al)d !/’ \’/\, .  .  .  ..’/~I]7’.  :ITI(l  (l(:fi~m ~~ : JI’A’ j 11’~’ l)y  l~(f/l) 1’/~, . . ..’/fi]rJ’.
Wit])  tllcsc l)ot~ltiol]s tlIc sysl(:TII of s(:al/11  (:c]uatiolls  ( 1 . 1 )  (2111  lx: wIitl(:Il  a s

C“/’ I fir)(  ’/’) I Q (1, (I .3:)

N e x t  w: HssulIIc  witll(mt,  l o s s  of ~;(:ll(:rality  tlIat  L’, 11, Q all(l  ‘ 1 ’  ll[lvc  llc(:lI  ]):lltiti(~ll((l  to  IIavc

111(!  fol’111

wlIcw ‘l; (Iclmt,cs tlIc fixc(l all(l kllom’1~ lmllII(laly ll(xlcs. [lsill{~ t,ll(:sc valllcs, III(: (xluali(,l] foI IIIC
llllkllow]l  110(1{!s  1)(:( :0111(!s

(/’]]’/;  -/ fl’~]l)] (7;) I  Q ]  -1 (~12’/i

I 1(:](:  ~) lIas lHm  ]m?tiliolld a s  dia[),(l)l 1~~).
1 II 11](: S(:qll(:] W! s]lall write C; C,, , 1{ 1{] , , 11

fI’I zf~~ (’l ~), aII(l SIII(IY 111(: c(~ualioIl

1’(3:) ~ (); l’(x) (/”:1: I f{])(x)  I Q

f/]~1)~(’/~)  (). (1.5)

11] , :/: ‘/; , [111(1  Q Q, I (/’,2’/;  I

w’it,]l (/7’7)  /(2) ‘ 7 / . (1.6)

‘III(’ clltli(s Of C; d)all I)c [I(:llotc(] c~j 21)1(1  tll(! c)lt7i(w of tll(: IIl:itlix  It will 1)(! (1(!1101(:(1  ?“ij. PJotc tlI:lt
l)y (:ollstlll(:ticjll  1x3111 f; all(] II’ a?c (lia[~()]lally (Im]]i]]allt lilatli(:cs , nll lIoll~;ll 110( ]](:(wss;irily strictly
(]iaf;OIIally do?lli]la)]t, ( A  ]I,atlix A  ((,ij) i s  (Iia[,oltally (I())llillallt i f  } 1,,7 I(,ijl < I(,i,l. Stlict
(Iia[:())]al  (loIIIi IIa Il(:c I101(Is WII(:II s(lict ill(:qllality IIoI(ls foI a l l  i.) AI1 iIll]mlta~lt  (:ll:ll~lc:t,clist,i(:  o f

111(:  ll(:tWrO1’li  (x]uatio)] Ill at, will I)(: cx])loil(!(l ill 1 II(: s(:(ju(:l  is llIC ass(lltl})liol] t ]Iat 111(: IIl:i(lix  C; 1 II’
is i7/c(fillf:ibk.

AI1 71 x 7/ Illatlix A : (O{j) is imxlu(:il)lc  i{ its (Iii  cct(:(l  p,ra})l  I C;(A) is st YOI1[:lY  coIIII(x:t  cd, tl~at,

is, f(w I~IIy ]mil of ildic(:s i, j tll(vc  is a sc(pmw: of lIolm:m  (!lltn(:s of ill(h fc)llll (cli7.,  (17,, , ~{.$(,  . . . . (111.7 )
]:;]. ‘1’l,is co,,(litio,~ IIas a siT,,l,lc ~,l]ysical i],tcl~,](:t:~ti(,],  for tl,c s,]],, c,f 11,(: co],dllctio],  WI(I ]a(li:,tio,~
il)t(:l(:}t:ll){;(: IIlatric(:s  f; I II’: (Jiv(:ll a ]mil of I1O(ICS i, j, tlIcI(: i s  a  s(:(]I1(:II(:c  of IIO(ICS 7, s ,  /, ..,, 7/

(x)lll](:(:lilt[},  i a]i(]  j SIICI1 tlIat,  t,l]c  il]l,(:l(:ll~l?l[;(, factol’s  l)(:twwrI  (:a(lI  sll(xcssivc  ]mir i s  IIOIIK(:IO.

‘1’1111s (!21(:11  110(1(! (:[111  tl”a))sf(!l” (!ll(!l’{:y  10 ally 0111( ’1” 1)()(1(! 1111’011{1,11  21 S(!(]ll(!I1(:(!  of 110(1(’s (:OIII1{!CI{!(l
I)y a (:()?lll)ill:lli()l)  o f  coII(luctom” 01 ra(liators. LIll(l(:l’ tll(:sc I (’W(JI1:LI)I(:  ])llysi(.iil  asslllll])tiolls,  IIIC
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ly]x)lllcsis  (~ I 1/ is irmlucib](!  is satisli(:(]. II}]]tllc]]rlc)](!,  i f  nt lmst, mw IIodc i s  coIITI(!ctcd to a
I)(nll]clary Ilodc with IIOIIZCIO il]t(:l(l]:ll)f];(:  facto), IIICII (~ I fI’ l)as st7ict cliq);o]lal  {lo~l}i]la]]cc  i]] tlIc
J(W (:oll(:s])c)ll(lill{~  to this ])0(1(:. 1]] t h i s  (MC C; I ]{ is [Ill i?7rdvci61!y  do?llin(]?li  ?Ilntrix [16). All
inwlucil)ly  donlilmllt  lt}atrix  is ilnwtil)lc  [1 6].

2, M aiII  lksu]is. ‘1’llc cxistc]lcc Icsul(s  cstaldislwl ill this  section U S(: a si?ll])l(: (:(~lltillll:ltic)~l
idcac 1 k:forc  this idea C:III h a]q)licd II OWCVW) wc first ]Icul to sl)ow tl]at t IIC fu]lctio]l 1’ is cocrciw
fm fixc{l Q, i.e., 111{:  cll(:lp;y lmlal)(:c (x]uatioll (xlllllot Iw sat isfiul Iy a?l)itra?ily  larp;c  1 (: TII])(:~:IIIII(:

Valll(!s.

Now,

I(j;;lJm)-’(l as iv-)(x),

HI1(I tllcrc (:xislls  p >  ( )  su(nlI  t,llatj  111’7~N  I > p f(n all N sillcc  1{ i s  ilwcrt,il)lc.  1  lCIICC,  \C~xAT \

11’])  (:KN)I  - ) m.

S() I]()\*’ /1ss11111(: that  II’ i s  1101  il]v(:rtil)l(:.  (\4T(:  JIIay ass\lTIIc  lllat  1/ i s  lIolIz(:Io,  siIl(:(:  i f  it wcl(:

this woul(l  rcquiw  C; to lx: il]vcrtiblc “  )  II) Il,is  c a s e  w: ]IIay w]itc,  afkr a., all(l  1101(:(! u)(:l”(:l\  ’(1.

])(:lltlllt:lt,ioll  of c(x) T(liItat,cs, 1/ as a l)lock dia[y)]]al  ]]]at7ix

II’ (It(l.q(l{, ,..., 1(L, 0,,, x,,,),

Wll(!l’c 07,t~7, dm]otcs LIIC SIII allcst, Im mm ci[’;c] Ivaluc of II’. ATOW

I(1 -  ll)J~(vN)ly 1 -  IIII)(vN)]Z,

< 1)’ I)(:I:A7),  s  > 0.
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rol’ SOIII(!  7)/.  ‘1’1111s,

/111(]  ]1(!11(:(:,  l]{]~(fl:N )  I c:l:~r I )  CK). ///

‘1’lt(: ll]ctl)ml of ~)mof is lmsul o~l tllc  followill[; silll]
(!slilllatc  of Illc solllt,iol], a]l(l (Icli]lc Q(, I)y

(J(, -  (/’:/;(,  ll’l)(q)).

110] A ( [(), 1 ] co~lsidc] t,llc fullct,ioll

II(x, A) ~ (/’:1: -{ II’])(x)  I Q) I A(Q - Q(,). (2.1)

lYotc tll:lt 11 (:]{,, ()) ~ (), a]]d tllc orip;illal ]Jml)lcJII  is to SOIV(:  fl (x, 1 ) (). SllowiIl~;  t}Iat solllt,iolls

t  (j /1 ( )  CaII lK colllilnw(l  fro]])  A () to A 1 illl’olv(:s ]H()]x:Ii i(:s  of tlI(:  (Ii Wcrmltial of  1 [ .  11’oT
this wc IIOIC tl]atj

I“’(n:) :  // ) (;1/ -1 II’]),,  //, Wll(!l’c 1):, ()/) [4:):; h] ,  ..,, 42::Lh,,  ]7’, (2.2)

I  Icllcc, Ll]c  (Ii flkr(:lltitll  1~:, i s  tlkc di:l?,(nlal  l[lat rix wit]] i(}’ clItry 42$. ‘1’11(! tll(!or(!lll  l)(:lol\”  Snows

ll)al  this ml] w: caJl tllways  lx: colltilmcd.

‘J’l]wnmn 2 . 2 , SII]qmsc t,llat (~ all(l li’ al c  sy]l)ll]ct] ic IIol)lxwitiwi IIlatlic(!s  will) C; I fI’
ilr(xlllcil)ly  dolllil]alll. ‘] ’1](:]1  i f  Q  i s  IIOIIZ(W)  wit]l (~ > (), ( 1 .(i) l]as n ulli(lll(:  solution  :1:* w i t h

x“ > 0 .

I ‘roof.” 1 ,Ct 2:() ()[1 . I]y’ willl  p >  ( )  a)I(l  olx+(:rl’(:  that CJ(, (::/:(, -  ll’))(:L(l)  > ( ) .  Q ,  Q() > ( )

illl])li(:s  tll Ht, Q() 1 A(Q -  Q ( I )  > ( )  fol  all A C [(), 1] Iy collv(:xity. Not(!  that by (1 .2) all(] (1 .4) 1)0111

~~ al](l fI’ am (lia~;ollall~~  dollli]ln~li  ]Ilatjriccs w’it]l l)q;at  ivc valllcs 011 t IIc (Iiagy)])al.  Nolc  also tllal so

lol If I, as :/; > (), {)11/& is ilw(!rtil)l(:,  sillcc Illc  TIlatrix [(; I fil~,, ]V’ i s  eas i ly  sllowll to I)c incclllcildy
(Iolllill:illt,. lly tllc iTll])licit  fullclioll  tllcom?t) vw: call lo(:ally s o i l ’ c (2.1 ) il] a l~(:i[jl]l,c,ll,c,c,cl  of A > ()
to }) I()(Iu(:c  a SIII()()lII  solut,ioll CU]VC. ‘1’llis culvc  (al] lW colll iltllc{l so lo]I{I; a s  811/i).c Iclllail)s
il)vcr(il)lc.  A])(I this lI:I])l)c]IS as lo]l~~ as :C > ().

‘It) SIIOW tl)at solut,iolls stay l)ou]](IuI  away fro]]] z(:I(),  SII])])(H: Illcm  (:xist  WIIIICS of A < “1 SII(:II

111:11  S(JIIIC COIII]mIICIIt  of tllc sollltiml  x(A) i s  XC](). lJ(!t  ~“ (I(!]lot(!  t]](!  illfi?t~ll?]l of all s~](]]  ~. ]]~
(x)llti]nlitjy x(A* ) > (), i.e. :]:(A* ) ]las ]10 llc~ylt,iv(:  COII]])OIICI1lS, IVc will SI1OW that this is illl]mssil)lc.
Sll]qmsc  OIIC OI ]IloN colli]x)llcllts  of :I(A* ) is mm, 11 is clear  that z is 1101 i(lclltictllly  xc] o si]lcc
Q() I A“ (Q - Q()) / O. AssIl~Iic t]lat  t,7 O l)llt :1:~ > (). Sil}cc  (~ I J/ is i] lc(lllcil)l[:,  tl]cw  exists a

I 71] ,jl, . . . . cj,, K I 77,, ~( } ~ wit]] cac]l (!lltly l)o~)zc]  o.S(!(]llcll(:c {qj] I 7“.1.11 j q] jz . It is easy to dc(lucc  tl]al
:):,7 () iltl~)lics 0:7, 0 ,  wlli{lt ill tllT1l illll)lics :/::;2 O, (’1(:.  1 1( ’IICC, XL (), wl)ic]l is a cx)lllm(lict ion)
al](] sollltiolw  of (2.1 ) wit,ll :CO > () IIllwt, mltlaill ]msit, iw:.

Now W(: (:211) ass(!r( t,llat t]]{! Set

,$ {(x, A) ( ((),1) x Ii’” : 11(:,,  A) ()}

6



is a IJII(! (Ii?llc)lsiollal IIlzlllifc)ld. ‘.l’l]c collllcctd colt l]ml)cl)ls of ,9 alc citllm  diffco?tlol ])lli(: t o a circle
01 tlIc real lilm. ‘1’llc sollltio~l clln’c  7:(A) ltmst Ijc (Ii II(xnltoq)llic 10 tlIc rc211 li]lc si]]cc t~ll/().c 1“’(fl’)
rf:]]l:]i]ls illwutil)lc,  al]d tllclcl)y  Illli(luc sollltiol]s  fol” (2 .  ”1 ) c:xist ill cw:ly  Il(:i{;lll )olllc)ocl”. ‘1’ll(!  O]lly
wtly x(A) COI1l(l  l]ot, h colltillllcd  10 A 1 is if fm SO])lC  A*, /i7)l~. ,A* 12:(A)I cm. ]Iy l,(nll Tlla 2.1,
I(;il I f{l)(:l:)l  -, m as  ICI - ,  c - o . ‘1’llis 111(:11  i?tll}lics that sollliiol)s  10 (2.1 )  ccasc  to cxisl ill al]
mllilx! ll(:if~lll)ollloo(l of A+ sillcc  Q a~l(]  QO tiw fillitc. ‘1’1111s 2:(A) (:aII 1)(: colltilluc(l.

‘1’() sllmv mliqucnwss, su]qmsc  t]tat  2: aIId ~j am tuw ~)ositil(: sollltio)ls.  ‘1’llcII

11111,

0 )“(?/) - V(x)

c(?/ - 2“) I 1{[))(:(/) -  ))(:/)]

( (2; I :,,; )(2:1 I y, )(:,,,  :,])

1)(?/)  -  ])(2:)

(:/: I  ?/;)(%  I  ?h)(?h k)

Wll(!l’c

(/’(?/ 2) I fl’1)2 (:(/ - 7) o.

11111 C; I /l’l~z  is  i)lvcltil)lc  for 2 >  ( ) .  ‘1’lllw :</ 2:.///

I’}XWII}JIC  2.3. As a]] cxanl])lc  of ]1OW il]is set of IIy}mt IIcscs arises i]] a~]otlm  sctti]l{’,, cmwidw
tll(: (liscl cti7,atioll of tllc two ]millt lmII~da7y valIIc ])ml)l(:lII:

1/’’(!):) .(/(2 :,? /,7/’), (1 < x < b, (2,”11 (,)

1/({/) (}, ?/(/))  p. (?.llb)
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(;’(/ I (/)(’(  /)-1 Q o, (2.12)

(2.1:+:)

‘/)i(u) oi(’u) [ h~g(xi,  (),()), i ‘1, .,,l A’, (2.14)

:{1){1 1101(!  (hat (:7/ I $h(’u)  -1 Q ~ o :lTI(l  (’:7/  I 7/)(’(/)  I Q () alc c(lllivalcllt  wit]l Q dcfillccl a s
Q q [(/( f:],(),()), . . . , g(n:~~, (), ())]7’. Sillcc  g(z, (), ()) < () ii follows t]lat  Q > (). N’cxt 110(C l)y tl~(!
?Ilcall Valllc i~lc(n’c!lll t h a t

(2,15)1

1’0] II < 2/M, (i) follows lry dcfillillr; 71o ~ [1 ~ ~ . I ]7’, silm:  (~ - 0(710)  is dia~y)llzllly dolllillalil,  wjtll
strict,  clolllil~alm,.  ill at least, Ollc low (c. ~;., ilw fimt,).

‘Ii) SI]OW (ii), it is easily vmificd that @’ W(71) w’jt]l <~ (Icfill(!d ill (2 .15)  as





X(:IO  k a IcfyIla T value fol  IIN, al]d jll ~~articlllar  )1 ~] (0) js a (J]IC (Ii?ilclwiollal IIlallifol(].  1 IC]ICC,  cacll
cc)lII~M)]]cJll  of 11~] (O) is clifli:c)lllo)~)llic: ciillm 10 n circ]c  ()] a]) o~)c]] i]]t cnml [1 ()]. ‘1’IIc co]tl~)o]lc]]t
Wllosc cl(wulc colltjaills ((), :C()) is IIOIJ  (li!l~:c)lllol])l)ic:  10 a cilc]c siilcc

k illv(:ltil)l(:,  all(] lry tlm illl]ii(:jtl  fullcti(nl IIKWI(:IN ,  sollltiolls  to lfAI(A, :/:) ( )  :11(: llrli(]u(: ill tl
11(!; [’;11])01’]100(]  of ((),x()) fol’ 1~1 Suflicj(!lltly sIIIall. Also  ]Iotc tl]~lt f(mca cl] A,

[(1- A)c,z(:l:(,)  I x,~(:l:)lfl:b  I ft’, zl)(xb)  I QN20,

~vil,]l  [It  ]cast,  OIIC lxmitivc  Coltl]mllcllt,. Aq;(lill{~ :is ill tllcl)mofof ‘1’llc(]mll 2.2, tllc(:c))ll])()]i~:lli O f
~]N(~,l) :  ()( ((),]) xlI’” Jlritllli?lli(])oillt ((),~{(~)js(()ll(fli]l(!(]  ill ((),l)x~i”;. l~’IIIll  I(IIrIIOI(:,  s;llc(:

‘1’ll(wl(:?lI  2.2slloltstl  l:itt,ll csollltioll 1011(()):):) Ojslllliqllc, aII(l  t]lat

[(1- A)c:,,  (:t:(,)  I x“,,(:t:)]o”  I fl’,, f)(x)

2:’(A) 1“(:/:)- ‘(Q Q(, ) (3.1)

W1l(TC  )V(! ]’(!(::1]1  1(1’ f]’())]) (2.2)  as

1()



‘1’lIc SO] Ilt,jOII to J’(x) () is tllc]] tl)c solutio]l  to ( 3 . 1 )  al A 1. A si?ilil:kl  difl’cm)t ial cclllatioll  CHII
lx [Icvcl(q)c(l  for tl]c discrctizd lmulIdaTy Iwluc lJIolJlclII ill l;xaltI))lc  2 . 3 .

‘1’l)c (:c)llcsl)ol]{lillp; (Iifl’cmllt,ials  mlt)ail] illvcrtil)lc  aloll[J; l,lIc solut io]l lmt,l]s s o  I,llat t,llcrc alc
II() tllrl]illf~ lmil]t,s ,  and tllc JMltlIs cal] lm ~):l?ti?ll(:t(:liz(:(l  Iy A. ‘ 1 ’ 1 1 1 1 s  tllc  ()(1(!  of (3.1) call l)(!  Solv(!d

01 variolls  011](:1  ]mt,ll follmvill[];  al~y)lit,l)l[ls call lm i~ll~)l(:lll(:~lt(:(l [2,1 2,1 ‘ 1 ] .  (WC 1101 c t h a t  I,llcsc
Kfcm]c(:s  a l so  colltai]l  II]olc ~;cllcltil  lmlll followi~lp,  al~;oritll?tls tl)at  d e a l  wit]l  tllrllill[~  )x)iIlts aII(l
I)iflll caliolm.)  Ally of IIICSC  II IctlIo(ki [:ivcs  I isc lo a f:lol)allj~ (:OIlt(:]~J,(!]It al~~;olitllll) fol t l]c Im)l)lcTtIs
(1 .(;) /,,,(1 (2.12).

A lHIIII followi]lp; tcdl~liquc  of 1 )(:uflllar(]  [6] US(:S  i~lforlll:lt ion alo)l~~ tllc ~mtll 10 [y:]lc]atc  l)OIIII(]S
fol wl)i{:ll Ncwt,ol])s ]J)ctllod is ~;uaIa]lI(!c{l  to col]vmp;c. A  silllilal  stIatc~~;y call lW cIII])l(y(xl  llcrc  for

‘()]~ri’]{~ (] [i) ‘Y lllOvilV’;  ~~lolV’;  tll(! ~ll?’v(! ~~(~, :1(~) (), ~~’~lilst  (()~lf()rlllillf~  10 I]K o p7i07i  csliTIIatcs
rcqllil(:(l  1 y tl](: Ncwt,oII l<:llltol’ol~i(:l)” (11(!01’(:? I I .

‘1’11(! s(:colId  derivative of 1’ will lx: of i~ltcmst ill (lcvclo])ill[~ Illis  i(](!a sillcc  it fif],uws ~)rol]lil]clltly
ill tllc  al)alysis  of Ncwto~l’s ]Ildllo(l.  WC  l)i]v(!,  ~lotill~; t]lat, 1 ‘“ is a I)ili]lcar IIlalq)il)f);,

()2:;//] k]

[l’’’’(:c)h] (k) 121/  ( .
22:7, // ,( 1;,,

(3.3)

lJ()l{:()l]ll)l(,t( :llcss\v (:st:lt(:lllc N(:\\l()ll l<alltola~icll  tllcorclll  (s(:(:fol(:xtt?ll~)l(:  [3]).

N’cwto]l-  Ka~llorovicll ‘J’l Icorcm. Ii:t XI) lx: aIl illit ial cstiillat(!  of tllc so]lltioll  to ( 1 .2) a]l(l
asslITt Ic t,llat, .)~’’(x~) is a]) i~nwlt,il)lc lllat7ix. 1  ml ,fi a]l(l 71 d(:]lotc two collslal]ts s1]c1l  that

(3.5)

‘1’llcl] i f  tllc colwLallt 1/ ~ ~7)1{, s:liisfics

(3.6)

(:oIIv(H{;(:s  to a solutiol)  of 1~’(:1) 0. I’1]1 lI]CHIIOIC t l]is solut iol] is Illli(lllc ill aIIy {:loscd lMI1l (cI1l cr(:d

at, 2:() wil]l la(lius  less t]lal] 7’ , and tllc (:(jl)l~(,l{;(:]l(:(:  is (Il]a(l] alit.///

Not,c i,l]at, si~lcc 1/ - } 1 /~/[1 - <1 2}/] is i~lcmasill~: 0]1 tllc i~]t m val [(), 1 /2], \vc TIIay t,akc 2Tl < 7
for tllc scco]]d colldit,ioll ill (3.(i).

Now Sll])]ms(! (m’, A“ ) Sol\’(!s 11 (:/”, A*) O fol so]tic A* C (O, 1), i.e.

C2:* I 1//)(:/;”) I Q I A“ (Q Q(,)  0. (3.7)

(/’2:  I 1/1)(2:) I Q’ I I(Q  Q“ ) o, (3.8)
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Wh(!]’(!  Q’ ~ Q I A“ (Q - Q()), and f >0 is CI1OSCI1 as t 11(! Illaxiilmlll Scalal’  for W’lli(:]l {11(! llypothm(!s
{Jf tllc Ncwk)II  li~l]lto]~l~’i~:l)  t]]com[l  ca~l IN: vcl-ificd.  II I  p,cIl(:I  al ~ :Ll 111(: k ’ ” st,c~) I,llc CUI. I c]]( solutiol)
is used to  illitialim  a iN(:wh  I itmatioIl  t o SOIV(:

(;:1:  I II’])(!))  I Qk (), 1}11(!1(! Qk Qk. , I IL.(Q  Qk. , ). (:;,{))

W ( :  Ilol(:  Ijllnt  (1](: s(:qu(vl(:(:  {QL. } p,(IIl(v21td  iIl il]is  111:11111(:1  l i e s  01] tl]c sc[;IIIcIIt colll)(!ctillp; Q(I to

Q. 1 Icl]cc, if all itcmtio]l a(llrlitllill~t tl]c v a l u e  f,, 1 i s  ol)taillcd,  tl]c solution  1]:1s l)CC]I f’ouII(l.  ]Vc
●

w i l l  s n o w  Ix:low IIow to fyHlcmtc {IK }, al]{] ~)1 ow! I]]at t llc ilcmtioll (3. !1) tcllrlillalm Hf’(m a fillitc
)1111111)(:1”  of Stc])s.

‘lb (Ictmllil]c tllc vall]c of  1 ill (3.8)  al)ovc (lciillc

(, 111’(,/:+:’)- ] (Q Q* )1, (3,”10)

all{] llok! tlltlt

7, 11’’(2”)-  ] [(;2:” I J{ I)(:/:*) I Q“ I /(Q Q“)]l

la,
(3.1 1)

si~l(x:

(/’:/:”  I f{))(z”  )  I Q’ O.

N(:xt,  Iwillp;  tlm ddi?litioll  of  1“” wc ll~]vc for [:/ - :1:’ I < 7 ,

Supllf’’’(x)lm) < 1211/ lw, lllax lx; I 7’1~. ( 3 . 1 2 )
:{ i

‘1’1111s  tllc lly]ml]lcscs ( 3 . 4 )  (3.6) alc sal,isfiwl so 1011[; a s

(3.13)

ICt j, (7”) 7’/2(1,  all(l f~(?”) 1  /2.(11<, [~, wit]l K, f);ivcll  i] I
a?l(l Ol)scl’v(: illal fol” tlIly 7 ’ , i f  t < ,r(7),  (3.6)  is salisficd.
illclcwiillf;  fll~]ctio~l of 7 and .fz is ;I dccmasilip, fll~lctio~k o f

(), 2111(1  ,fz(())  > 0, it follows tll~ll .1 is Itlaxiltlixc(l wllcll
.(1 ,fz. ‘1’llis OCHIIS nt, Illc sIIIallcst ~msiti~’c: real solutio)l  t o  1 II(: (:lll)i(:  (:qllat  ion

(3 ,14)

wIIc I(: xf (lCIIOICS  tl)c lllaxilllll~ll (:mII])oII(:Ilt  of x*. 11 i s  r o s i l y  vclificd Il]al Il]c clll)ic al)ov(: l]as a
sill[’;lc mal solutiol~, aIld this solutiwl  is l)ositiw:. (Jll(:(:tllissollltioll”  is follll(l, wcsct I 7“/2(k.

A1o]IF; tllc so]utioll  CUM: S ,  xi(A) a])(l [~ am l)ot]l (:olllillllolls. lk:catlsc  ,5’ i s  a coTIIImct SC1,
:/:i a]l(l f~ arc IX)IJI1  lxnl])dcd with llli)l(x~)  > 0 all(l ]Ilax((j)  < cm. ‘lll)lls tllc sTIIallcst ~msilivc mal
solllt,io]) 10 t,llis clll)ic  own a l l  ~millts alo]l{l; tllc  cllrvc  is Imull{ld awwy flo?ll zcm. JNow as  Q$ > Q,
it follows fmlll ( 3 . 1 O )  that o - } O sillcc [j is llilifonlll~’ Imllll(lc{l 01] ,S. Jlmlcc,  fmQ* sufliciclltly
(:1OSC 10 Q, say IQ - Q* I < A, m’c l)av(: 1 >  1 . ‘1{) sll(m’ tl]at tllc  iiclatioll (Iclil]cd ill (3.9)  co]lvcqys
it sllfliccs  to sl]ow tllatj aftm a  fillilc  IIl]ltllwl of stc})s  :111 itcr~ltc v,’ill p,cl, urit,llil] a 6 ll(:i~~lll)ollloocl
of (J. ‘Jb su: Illis,  considm  tllc (Ii fl’cmllcc SCIIC]IIC

Qk , ] Q), I  f;,.,, (Q- Qk)
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a]l(l  Sll])])os(!  IQ -  Qk I >  A fol’ a l l  k . ‘1’lICII  IIcccss?llily lK -  ) O, wl]ic]] i s  iltl~mssil)lc siIlcc  {[~} is
1 )01111(1(:(1  a\\7ay  fl’o?l  I Z(!]’o. 1 lm)u: for sllflicicl]lly l:Ilp;c 7/, w(: [I,(:t IQT, Q  <  b, a]l(l so tll(:  alp;orillllll
lmllillalcs afi,(:I  a fillitc  IIIITIIIN:I  of  stq)s.

of (:0111’S(! 11101’(! C~licicllt II IctlIods fm }mtll followillp; call lx: (lc~’clo]ml fol  t h i s  ~)1 O1)ICIII sillcc
tllc  C1]lVC is ulliquc,  tlllcm :Ilc  110 tunlill{~ lmillts,  and as  w(! arc o]lly illtcmstcd  ill tllc v:llllc :/:(1 ) ,
it is ]]ot ]]cccssa].y 10 follm’  tllc culvc cxact]y. Stcl)sizc  a(ljl]sl]ilf:]lt s(:llc?])(:s l)~]sc(l  011 lIow qllickly
lIIC N(wk)II C(HWX:1OI stafI,c cmnw]pys WII lW iltll)l(:?ll(:llt(:(l,  as WC1l as lIM: usc of all l;ulm (n otll(:r

lmxli(:tm  st,q)s sillcc  tllc (Ii fli:mltial  at tllc cuncllt itclatc is avail;ll)lc [1 ,2,1 2].
I(’oI tlI(: CIiscmtizd  lmllllclaly  valllc l)ml)lc?]) ill l;xa~]]})lc 2.;3, Nlom [“14]  llscd a [;c:ll(:l:ili~:ltic)l  1

o f  (Iitl[’,oltal dmllillalm to Ilolllillcal  fullctio~ls 10 ]mn’c tlmtj tlm IIo]llillwll Cams Scid(!l ald Jacol)i
iilclati(nls am F;lolmlly  (: OII\~(:Ip;(:IIt. Si?llilar msult,s wcm ol)iaillc(l  cal licT lry lillcilllml(lt Ilsillp, a) 1
cx(juwiml of M IIlai]iccs  to lmllincal fullcliolls  [ 1 b]. 1 lowcvcl, this l)ar(iculal cxtcllsio]]  mpiml
tllc dolltai?l of g ill (2.1 1 ) 10 lw dcfillcd 01) tllc clltim  lcal  lillc, il)sk:ad of tl]c llollllcg;atlivc axis, aIld
(:OII\~(:Ig(:Il(:(:  to a Imlllcp;ativc  so]utioll  was I lot cstal)lislm]. 1 Iolllot(q)y )Il(!tllods l)av(! 1)(!(:11 lls(:(i
~nwviolwly f’m tllc discmt,izcd I)IO1)ICIII  aIId also ill colljullctjio)l  wit]l sllootill[~ lrlctllods  for lmrlclical
solllt,ioll of tllc l)oulldnry value ~m)l)lcl]l [1 ,6,12,18,1 9].

‘1’l]c ])mscllcc  of illc quar(lic tcrr]] }mollil)its (lil(:ct  alq)licatioll  of tllc  ]IIctlIo(ls ill [ 1 4 , ’ 1 5 ]  to
cslal)lisll  p;lolml colwcrp;cllcc of LIICSC al{’,olitlllrls fol (1 .6), altllouI;l  I tllc  IIolllillcal  (~al]ss $k:i{lcl a]l(l
,Iacol)i itcltltiolls am coJi III IoIIly Iwd al]cl IJcrfollll  WC1l ill l)laclicc. 1 t is ill fact  st lai~(lll  folwal(l  t o
(Ic:?llc)llstl;lt(: tl)[lt Il]csc  itmatioljs am at ]cast  locally  collv(:lgy:l]t for (1 .6).

‘lb slmi)  Illis  (mnwrp;mm  foI llIC lm]li]wal  Jacol)i  itcmtio]l  wc dcfillc  tlm f’llllctioll (~ a s  tllc

11 (:):) /(’(2:) [ (;(7) \\(! SOI\’(! fol tll(:  fixc(l  ~x)iIlt of tllc

AI](1  I)y tl]c i~wcmc fullctio~l t] IcoI(:iII  aII(l  ill(: {lcfi~litioli of

~,’ (;’- I ]] ’(,,,)

] I (;’-  I /,”

Noti]l[]; t]lnt

11,

(3”16)



(1:]11ss  Scidcl  ulxlatc is strictly less  tl)a)l fo] Il)c ,Iacol)i itcr:llioll  lVIICIICVCT llIC .Iacol)i itclatioll is
(:oll\J(!l’f~;(  !Ilt ([3]).

A]mtlm class  of ~;lolmlly coIn~(!I’p;cIIt alfynitlll!w  fol’ (1 .(i) a]d (2. 12) follow fmll tlm ol)s(!mitioll
tll:kl tllc lm)llilmal  ]cast  squaT cs ]Mol)l(m I,

n-l; J(x) I P(X)12,

]las a ulliquc statiolla]y ]mi]ltl for 2: >  0  (:()]](:s])()ll(li]]p;  to l’(x) 0  si]]cc it has alrca(ly  l)c(:t I
(:stal)lisll(xl ill ‘J’IICOICIII  2.2 [111(1  I’;x:ITII])l(:  2.3 tlIat 1“(2:) O IIas a lllli(~llc so]lltioll  for :]: >  0 a]ld
ah t]mt 1(” is ilwcltiblc fo]’ z > 0. ‘J’lms tl]c c l a s s  o f  lmuld  collstmillt al~;oritllltls Iq)I(:s(:IIt  aIl

alt (:rllatlivc  to lllc solutio]l  lIIctlIo(ls  alr(:a(ly dis(:uss(:(l.  1~’ol  (:xalt  I])l(!, tmst rcp;ioll  I I IC1 1 1 ( A  mIjoy,

1 1 1 1 (  ](!1’  IIlild  :LWITIl])tioll  S) ~;khd COllVC1’~(!Il(:(!  to H ]{11]111 ‘Ih(:k(:] ]millt  of tllc ilquality col]stmilmd
lm)l)lcJII al)ovc [ 8 ] .  111 fad i f  C; ill (1 .6) i s  illv(:rtil)l(:, ww (all slI(Iw  111:11  t  11(:  solut  iml 1“(:/:) O i s

tlIC  u]liqu(: I< UIIII ‘I!](A(:I  point,  tlms ]tlakill[~ t 11(:  trust mp;ioll al[ynitllTtl ~;lolmlly cmwcq(mlt  10 tl]c
sollltioll  1~’(:1:)  O .  ‘1’llis  i s  c!asil~~  (l(:TIlolI  stl:ltC(l: ‘1’11(: 1{111111  ‘Iil(:li(!l’  (:oll(litiolls  fol this ])101)1(:111  :11(:

]W(p(:,,)) A O,

:/:, A > ()

A~:/:i O, fol” all i

~v]l(:l~  ~ (lCl,Ot,Cs t,ll(:  ]  ,~Ip;l~III~;C ~lllllt,i])]i~l  ~oll~sl)oll(]il~[,;”  10 t]IC  ill(!quality  (:ollstTaiIlt  x > 0 .  Sillcc
,,J17’ .5.1. lIlvmtil)l(!,  tjllc first (:oll(litioll  i s  (x]uival(:llt  to

}’(:/:)  - 1’”- 7’A O

1 Iowcvm, sillcc  I{”y’ is imxlucil)ly  dolllillallt ]vitll lmsil ivc mltlics  dl’ Illc  diaf];oll~ll, -1’”-7’ > 0 [1 (i]
( i . e . ,  all of its c~ltrics arc llo~l~lcp;:lti\  (:). A])(I  silm A >0, 1“- “A > (). SulqxHc  so]tlc col)straillt is
~lcti\’(:, say :ci O. 1 ly Illc a]p;uTt  Ic]lts ill ‘1’l]comll 2.2 it follows t IIal :1 0, siTIC(! Q I - i’”- 7’A 2’ ().

‘1’llis  is  iTll]mssil)l(!. ‘] ’]ms,  t,lI(! (x)llst,miIl(xl  o])tillliza(  ion lmol)lc]tl IIas only tllc sill~;lc K  ‘1’ ~mi]lt at,
1’(:1:) O. Wc ]Iotc tllnt  this arp;ultlc]]t  WOIIW equally WC1l fol lha~ll])l(: 2.3.

‘1’l)c sit,llat,ion for t,llc va]ial)]c  co]l(lu(:toI” ])1 01)1(:111  i s  SOT] l(!\V]l; it difli:mlll  W’il]l  ms~xx:( to tl]c
illll)l(:lll(:llt,:ltioll of  lml]lcrical  alp;olitllTlls. ‘1’llc NcwI(,o]l 1):111]  follo\~rill{; alg;ol itllTll fol  l]ollvaTial)lc
Coll(lll(:tol’s”  W’as Ims(!( 1 0]1 tllc  illv(:rtil)ility  of 811(A,  x)/ih  aloII(I;  tlI(:  solutioIl”  ]NItlI. ‘1’IN:OI(:III 2.4

(10(:s  II(I1 (xtal)lisll  tl]is  rmmll,  aIl(l ill p;(n](:ral  it i s  ]mssild(:  for tll(:  ]wIII Ilot t o  lx: llloIlotolli(:  iIl A.

1 low(:v(:r,  s(:]’mal  ]MtlI foll(nvill~;  al~;o]itjll~lls cxisl for this IIlorc fI;cllcJal sitllatio]l  [1 ,2,11 ,12,1 ~].
‘1’llc ]l(llli]l~~(:]tik)ilitj’  of 811 (A, fc)ldx, if it mx:llls, h a s  ti l)lqwiczll  illtcqm:i at,ioll. At A O

tlIc ci[’;mlvalucs of 311 (A, :K)/[lz  ill (2.”17) Silwc IIIC dqI,Ic(:  is a llolll[)~q)i~  illv~lTi~lll,  (lvl(ff (~, :/;))
c/f:f/(f/((),  2:)) for A C [0, 1] II ( ) ] .  I f  A c(:ascs  1,0 lm IIlol]otollic, a n d  t  11(!  (: Ill 1’(! fol(ls l)d<\val’ds,  II 1(:
lI1lTII1)(!I” O f  S()]lltiOll  S to ]] (~, 2:) ~ () iS ~;l’C:lt(!l’  t]lall  011(:. ‘1’]nls  III(:  (l(:icl~llill:lIlt  IIImt (:1 IaIlfy  si[’;ll.

‘1’l]is  iTlll)lics t,l)at< at, ]cast  O]]C ci~;mlvaluc ~)asscs tlllolq’;ll m:m HII(I Imcolllcs ~msit i\w. ‘1’llis ill 1 1 1 1 1 1
i]tl])lics 111:11  tllc solullio]ls :Ilollp; this  ]Mrtj o f  Il]c culvc :11”(: llilstal)l(! 111 111(! S(!IIS(!
st, at(: sollllioll  of llIC associatwl  diflkm]lial  c(lll:it ion

lltlt  illc St(!mly

:; J](A, :/:(/)), 2:(()) :1:(] 1! ’11(!1”(: ffoi,:lo)”  o,

is not  st:Il)lc.
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